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In this paper f(x, y) denotes a binary quadratic form, and 
the infimum taken over all integers x, y  and the supremum over all real numbers 
x0 , y,, , denotes the non-homogeneous minimum off (x, y). 
We consider the class of forms (f,*) = 2x2 - &[(2p + 1)2 + l]y2, p = 1, 
2,..., and prove that -&f,*) = (2p + 1)/4. We pursue the same procedure 
to find in a simple way the non-homogeneous minima of the following classes 
of forms: 
(fs) = x2 - UP + 112 + 1 IF, P = 0, 1, 2 ,..., -Km = (2P + l)P, 
(f,) = x2 - (4qZ - l)y2, q = 1, 2 ,..., -afJ = (2q - w, 
(h) = x2 + xy - rZy2, r = 1, 2 ,..., .-Z(A) = r/4. 
1. Let 
F(x, y) = ax2 + bxy + cy2 
be an indefinite binary quadratic form with real coefficients and discri- 
minant d = b2 - 4ac > 0; for given x,, , y, , both real let (f; x,y,) be 
the lower bound of the positive numbers such that there exist integers X, y 
satisfying 
If-(x + XOY + Yol < h 
We define the nonhomogeneous minimum J(f) of the quadratic form f 
to be the least upper bound of the numbers M(f; x0, yo). 
In a previous paper [5] among other results I proved the following 
two theorems: 
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THEOREM 1. (f 
P,(x, y) = 32 -- I(Zp + 1)’ - I I J’Z (1) 
where p is any nonnegative integer, then 
AqP,) = (2p A- 1)/2. (2) 
In particular these minima are attainedfor an infinity of’ integers x ancly, if 
x,, = O(mod l), y0 = 1/2(mod 1). (3) 
THEOREM 2. Zf 
g(x, y) = 2x2 + 4xy - 3y2 (4) 
then 
Jr(g) = 3/4. (5) 
In particular this minimum is attained at the so-called exceptional points 
(x, , Y,,) = (0, 1P)Wd 1) (6) 
and 
(x,, YJ = UP, l/Nmod 1). (7) 
The form g(x, y) given in (4) is the antisymmetric Markoff form gl(x, y) 
given in paper [6]. I have since noticed that this form belongs to a special 
set of forms related in a simple way to the set of forms (l), namely to the 
set of forms 
Pp*(x, y) = 2x2 - 1/2{2p + 1)” + l} y” (P 3 1) (8) 
These forms (8) have the same discriminant as the corresponding forms 
in (1) but are not equivalent to them. Their nonhomogeneous minima 
are related to those of the forms (1) by 
dk?(P,*) = 1/2Jz(P,) = (2p + 1)/4. (9) 
These results are embodied in Theorem 3, which with its Corollary 
is the main object of the paper, except that we apply the same procedure 
used in the proof of Theorem 3 to give simple proofs to Theorems 4 and 5 
proved earlier by different methods by Davenport, Inkeri, and myself. 
THEOREM 3. Zf 
P,*(x, y) = 2x2 - 1/2{(2p + 1)2 t I} y2 
where p is any positive integer, then 
JqP,*) = (2p + 1)/4. 
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These minima are attained at the exceptional points 
(x0 , Y,) = (0, W)(mod l), 
and 
(10) 
(x0, YJ = UP, VWmod 1) (11) 
2. We shall need for the proof of Theorem 3 the following two 
Lemmas: 
LEMMA 1. Let 
CL = max[lf(L Oh If@ 111, min{lf(l, l)l, If(L -U>l 
Then for any real numbers x,, , y0 there exist integers x, y such that 
Ifb +x09 Y + Ydl G P/4- WV 
The result is true with strict inequality if (x0, y,) is not congruent 
(mod 1) to one of the exceptionalpoints 
A, = (0, l/2), A2 = w, W), A, = (l/2, 0). (13) 
Proof. See Theorem 1 of [I]. 
LEMMA 2. Let T be an automorph of 
f(x, y> = ax2 + bxy + cy2 
given by 
( 
St - 
T= au 
frbu -cu 
+tu + +bu i ’ 
where 
t= - du2 = f4 (t > 0, u > 0) 
andd = b2 - 4ac >O. 
Let Ai , i = 1, 2 ,..., m be a finite set of incongruent points such that 
the set T(AJ is a permutation of Ai (mod 1). Then if 
MU-i 4 -=c k (k positive constant) 
there exists a point (x, y) with the properties: 
(9 6, Y) = Ai for some i; 
(ii) If@, y)l -C k 
(iii) dy2 < k I a I (t + 2), if t2 - du= = 4, 
and 
ty2<k/a12u2 lj” P- du2 = -4. 
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Proof. See Theorem B of [2]. 
3. Proof of Theorem 3. We use the unimodular transformation 
to transform forms (8) to the equivalent forms 
P;*(x, y) = 2x2 + 4pxy - (2p + 1) Y2. (14) 
We apply Lemma 1 to these forms (14) and obtain 
p(P,**) = max[2,2p + 1,2p + I] = 2p + 1, 
where by (12) 
I P,*“(x + x0 3 Y + Yo)l e (2P + 1)/4, 
and the result is true with strict inequality unless (x0 , y,) is congruent 
(mod 1) to one of the points in (13). 
We first show that (15) is also true with strict inequality when 
Indeed 
(x0, yo) = A, = (l/2, O)(mod 1). 
I p;*cx + 1/2,y)l = l/2 < 3/4 < (2P + 1)/4 
for x = 0, y = 0. 
Now suppose 
wp,**, 4) < (2P + 1)/4, i= 1,2 (16) 
and use Lemma 2. The fundamental solution of the Pellian equation 
t* - 4{(2p + 1)2 + l} u2 = -4 
is given by 
t = 2(2P + l), 24 = 1, 
giving the fundamental automorph 
T* = 
t 
1 2P + 5 
1 2 4p+1. 
It is easily verified that T* permutes A, , A, (mod 1) 
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Now the clause (iii) of Lemma 2 with k = (2~ + 1)/4 gives 
x&J + 1) Y2 < VP + 1)/Z i.e., I y I --c l/2, 
which gives a contradiction as far as the points A, = (0, l/2) and 
A, = (l/2, l/2) are concerned. So (16) is false, and 
we*, 4) 3 (2P + 1)/4, (17) 
for at least one i. Since T* interchanges A, , A, (mod l), this is true for both 
i= 1,2. 
Finally, we prove that equality in (17) is attained when (x0 , y,,) = A, 
or AZ (mod 1). As 
T*(fW, &l/2) = (0, ~F1/2), 
T*(O, 11/2) = CtW, TIP), 
Pg*(-x, -y) = P,**(x, y) 
it is sufficient to show that there exist integers x such that the equation 
#(x, 4 = I P,* *cx + %l , l/2)1 = (2p + 1)/4, 
where X0 = 0 or l/2 is satisfied. Indeed 
9w, l/2) = #{HP + 11, l/2) = (2P + 1)/4, 
and 
WY 
#(X? l/2) > (2P + I)/4 
for all integers x f 0 and x # -(p + 1). 
Also 
and 
$w, 0) = #(-I& 0) = (2P + 1)/4, 
$Q 0) > (2P + I)/4 
for all integers x f 0 and x f --p. 
This and the fact that equivalent forms have the same minimum 
completes the proof of Theorem 3. 
Incidentally, Theorem 3 proves: 
COROLLARY. Given any real numbers x0 , y, there exist integers x, y 
such that 
I 2(x + hJ2 - H2P + II2 + 1XY + Yd2 I < (2P + I)/4 (19) 
with equality in (19) when (x0 , y,,) = (0, 1/2)(mod 1). 
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Note that (19) can be written as 
,(2x + x0)2 - ((217 -t I)’ + lj.(J‘ + l’,JZ ! >< (2p T I)/2 
with equality when 
(20) 
(x0 , yo) = (0, l/Umod 1) 
and this gives an alternative proof to that given in [5] of Theorem 1. 
4. In conclusion we add ‘that the above procedure can give simple 
proofs to the following theorems: 
THEOREM 4. If 
Q&x, Y) = x2 - (W - 1) y2, 
where q is any positive integer, then 
-aCQ,> = G% - 1)/2 
In particular these minima are attained when 
(x0, Y,,) = (W, l/‘Umod 1). 
(21) 
(22) 
(23) 
THEOREM 5. Zf 
RT(x, y) = x2 + xy - r2y2, (24) 
where r is any positive integer, then 
&,g(RT) = r/4. (25) 
In particular these minima are attained when 
6, , yo) = (0, lP)(mod 1) and (x,, , yO) = (l/2, 1/2)(mod 1). (26) 
Further for r = 1 the minimum is attained at the additional point 
(x0, YJ = W, Mod 1). 
As we mentioned in Section 1, different proofs of Theorem 4 were 
given by K. Inkeri [4] and myself [5], and different proofs of Theorem 5 
were given by H. Davenport [3], Inkeri [4] and myself [5]. 
Proof of Theorem 4. We use the unimodular transformation 
s = (:, 7) 
to obtain the equivalent forms 
S(Q,) = Q,* = x2 + ‘WY + y2. (27) 
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We apply Lemma 1 to the form (27) and obtain 
I Qa*(x + xo > Y + yo>l ,< @q - I)/2 
with inequality, except when 
(x0, Y,) = 4 or A2 or 4 
where 
Al = (0, l/2), A2 = UP, l/2), 43 = w, 0) 
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(28) 
When (x0 , y,) = A, or A, we observe that (28) is satisfied with strict 
inequality, since for x = 0, y = 0, we have 
I Qg*(x + l/2, y)l = I Qo*(x, Y + l/2)1 = l/4 < @q - 1)/2. 
It remains to examine the case in which (x0 , yO) = A, ; in this case 
we can prove that 
WQ,*; 4 2 G’q - 1)/2. 
Indeed suppose that 
MQ,*; 4) < (2q - 1)/2. 
The fundamental solution of the Pellian equation 
t2 - 4(4q2 - 1) U2 = 4 
is given by 
t = 4q, 24 = 1, 
giving the fundamental automorph 
(29) 
(30) 
Applying clause (iii) of Lemma 2 with k = (2q - 1)/2 we get 
4(4q2 - 1) Y2 < (&I - I)/2 . (4q + 21, i.e., I y / < l/2, 
which shows that (30) cannot be satisfied when (x0, y,) = A2 and 
therefore (29) is true. 
Further, equality in (28) is attained when (x0, yo) = A, since 
I Q,*(-1 + l/2, l/2)1 = I Q,*(-2q + l/2, l/2)/ = G% - 1)/z 
Proof of Theorem 5. We use the unimodular transformation 
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to obtain the equivalent forms 
R”=x”-+(2r- 1)x>>-ry”. r 
By Lemma 1, applied to these forms. we get 
/ R,*(x I- X” ) y -t y,J c- ri’4, 
with strict inequality, except when (x,, , yO) := A, or A, or A, . 
In the case (x0, y,,) = A, = (l/2, 0) we have for x = y = 0 
/ R,*(x + l/2, y)i = l/4 < r/4 when r 3 2, 
(31) 
(32) 
so A, is not an exceptional point when r 3 2 though for r = 1 A, is an 
exceptional point. Indeed for r = 1 and (x,, , y,) I= A, we have 
1(x + g + $y)” - gy2 ) > $ 
for all integers x and y, which proves the last clause in Theorem 5. 
It remains to examine the cases in which 
(x0, y,) = A, or A, . 
The fundamental solution of the Pellian equation 
t2 - (4r2 + 1) u2 = -4 
is 
t = 4r, 11 = 2, 
giving the fundamental automorph. 
u,= 1 f 
2r 
1 2 4r-1’ 
and clause (iii) of Lemma 2 with k = r/4, gives 
4ry2 < 4r/4, i.e., I y 1 < l/2, 
showing that (32) cannot be satisfied with inequality when (x0 , yO) = A, 
or A,, and therefore we have for these values of (x, , yO) that 
I &*(x + x0, Y + Y,)/ 3 r/4. (33) 
Further, equality in (33) is attained when (x0 , y,,) = A, or A, . Indeed 
when (x0 , yo) = A, we have 
1 R*(x, l/2)/ = r/4 
for x = 0 or x = -r, and when (x0, yo) = A2 we have 
1 R*(x + l/2, l/2)1 = r/4 for x = 0 or x = -r. 
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